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Duality of quasilocal gravitational energy and charges with nonorthogonal boundaries

Sung-Won Kim,1,* Won Tae Kim,2,† John J. Oh,2,‡ and Ki Hyuk Yee2,§

1Department of Science Education, Ewha Women’s University, Seoul 120-750, Korea
2Department of Physics and Basic Science Research Institute, Sogang University, C.P.O. Box 1142, Seoul 100-611, Kore

~Received 2 January 2003; published 30 May 2003!

We study the duality of quasilocal energy and charges with nonorthogonal boundaries in the~211!-
dimensional low-energy string theory. Quasilocal quantities shown in previous work and also some new
variables arising from considering the nonorthogonal boundaries are presented, and the boost relations between
these quantities are discussed. Moreover, we show that the dual properties of quasilocal variables, such as
quasilocal energy density, momentum densities, surface stress densities, dilaton pressure densities, and Neveu-
Schwarz charge density, are still valid in the moving observer’s frame.
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I. INTRODUCTION

The study of a gravitational system with finite boundar
has some advantages over that with asymptotic falloff beh
ior like asymptotic flatness. First, generically, treating
gravitational system with a bounded and finite spatial reg
should be independent of the asymptotic behavior of
gravitational field. Therefore, this kind of study is very us
ful for developing a theoretical formulation which is irre
evant of the specific asymptotic properties of the system s
as asymptotic flatness. Second, if one constructs a gra
tional partition function without any inconsistencies by a
suming finite boundaries, then the construction of the gra
tational partition function is possible only when a syste
with finite size is stable. For example, the heat capacity
the Schwarzschild black hole is negative if the temperatur
the asymptotic region is fixed, and the partition function
the black hole is not consistent. However, if we conside
fixed temperature at a finite spatial boundary, the heat ca
ity is positive and the partition function is well define
Third, from the physical viewpoint, one can define the th
modynamics that is appropriate to observers placed at a fi
region from a black hole. In these respects, it is meaning
to define thermodynamic quantities appropriately at a fin
boundary.

Some years ago, Brown and York studied quasilocal qu
tities such as the quasilocal energy, angular momentum,
spatial stress through the Hamilton-Jacobi analysis o
gravitational system@1#. These quantities are closely relate
to the first law of black hole thermodynamics through t
path integral formulation of gravitational systems@2#. This
formalism was extended to include the most general cas
gauge fields coupled to the dilaton gravity in the context
string theories@3#, and the temperature, energy, and heat
pacity of AdS black holes were studied by use of this form
lation in Ref.@4#. The Hamiltonian and entropy in asymptot
cally flat spacetimes and anti–de Sitter~AdS! space were
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studied in Ref.@5#, and the relevant issues for the two
dimensional black hole@6# and the quasilocal thermodynam
ics of Kerr-AdS and Kerr–de Sitter spacetimes@7# have also
been intensively investigated.

However, the Brown-York quasilocal formulation is bas
on the assumption that the spacetime foliation is orthogo
to the timelike boundary that describes the quasilocal qu
tities seen by static observers in a weak gravitational fie
and this seems to be a somewhat strong restriction. W
one takes into account finite spatial boundaries in a str
gravitational field, the gravitational force acts on each spa
boundary to a different extent. Therefore, in general, the u
normal defined on the hypersurface at a certain time is
orthogonal to the unit normal defined on the finite spa
boundary, and it is too difficult to calculate the quasiloc
quantities seen by observers who are falling into a black h
through a quasilocal formulation with orthogonal boundari
To generalize the formulation and overcome this difficul
Booth and Mann reformulated the quasilocal analysis in
presence of nonorthogonal boundaries@8#, and related work
appears in Ref.@9#.

On the other hand, in the context of string theory, dua
is considered as a symmetry that relates a certain solutio
another one. In~211!-dimensional low-energy string theory
this duality is more meaningful in that the dual solution
the Bañados-Teitelboim-Zanelli~BTZ! @10# black hole is
known as the~211!-dimensional charged black string@11#.
The duality of the quasilocal quantities between these d
solutions and the quasilocal thermodynamics of a dilato
gravitational system with orthogonal boundaries was stud
in Ref. @12#. The quasilocal energy density and its dual a
invariant under the dual transformation while the quasilo
angular momentum density and its dual are interchan
with the quasilocal Neveu-Schwarz~NS! charge and its dual
In addition, the dual invariance between the surface spa
stress density and the dilaton pressure density appears i
combination of both quantities asE5E d, Jf52(Q d)f,
(Q)f52J f

d , S abdsab1YdF5S d
abdsab

d 1YddFd, where
E, J, Q, S ab, Y, sab , and F are the quasilocal surfac
energy density, the quasilocal momentum density,
quasilocal NS charge density, the quasilocal spatial st
density, the quasilocal pressure density, the surface sp
stress tensor, and the dilaton field, respectively.
©2003 The American Physical Society27-1
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In this paper, we study the dual properties of quasilo
quantities for~211!-dimensional dilatonic gravity with non
orthogonal boundaries. In Sec. II, the notation and the se
for the double foliation of quasilocal formalism with nono
thogonal boundaries are presented. The unit vectors no
to both spatial and temporal boundaries are defined,
splittings of the extrinsic curvatures on the spacelike hyp
surface and spatial boundary are obtained by the definit
of the induced metrics and the extrinsic curvatures. T
quasilocal variables with nonorthogonal boundaries and t
boost relations, and dual properties between these varia
are given in Sec. III. In Sec. IV, some concluding rema
and discussion of our results follow.

II. PRELIMINARY: NOTATIONS AND SETUP

In this section, we present a double foliation for Arnowi
Deser-Misner~ADM ! splitting of the metric and some corre
sponding kinematics. Then we discuss the notation and
trinsic curvature splittings for the quasilocal formalism wi
nonorthogonal boundaries.

Generically, when we take into account a finite spa
boundary on a manifoldM in a strong gravitational field
such as an adjacent region of the black hole horizon, e
boundary is exposed to a different gravitational force. T
fact enhances the motivation for the generalized quasilo
formalism, which might be possible by considering non
thogonal boundaries.

Let us consider a double foliation of the spacetime ma
fold M with spatial and temporal boundaries as shown

FIG. 1. Spacetime foliation: The spacetime manifoldM that is

topologicallyS3T̄ can be foliated by spatial and temporal boun

aries denoted byT̄ andS, respectively. On each boundary, the un
normal vector, induced metric, and extrinsic curvature are defin
10402
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Fig. 1. Then we can taket5const ands5const surfaces on
the boundariesS and T̄, and the unit normal vectors ar
defined asum52N¹mt on S andn̄m5M̄¹ms on T̄, whereN

andM̄ are normalization functions determined by satisfyi
u•u521 and n̄•n̄51. On the boundaries ofS and T̄, the
induced metricshmn , ḡmn and the corresponding extrinsi
curvaturesKmn , Q̄mn can be defined as

hmn5gmn1umun ~on S!, ~1!

ḡmn5gmn2n̄mn̄n ~on T̄ !, ~2!

and

Kmn52hm
a¹aun ~on S!, ~3!

Q̄mn52ḡm
a¹an̄n ~on T̄ !. ~4!

We can define new unit vectorsnm and ūm as nm5MDms

5g21hm
n n̄n and ūm52N̄Dmt5g21ḡm

n un , where Dm and

Dm are covariant derivatives projected onto theS and T̄
surfaces, and the boost factorg5(12v2)21/25M /M̄
5N/N̄, wherev is a proper radial velocity. From these rel
tions, the relations between unit normal vectors seen in
‘‘barred’’ and ‘‘unbarred’’ frames are obtained as

ūm5gum1gvnm ,

n̄m5gnm1gvum . ~5!

On the boundaryB, the induced metric is given in two way
assmn5gmn1umun2nmnn5gmn1ūmūn2n̄mn̄n and the ex-
trinsic curvatures are also defined askmn52sm

asn
b¹anb and

,mn52sm
asn

b¹aub . Note that the notation used in this pap
for the foliation of spacetimes is summarized in Table I.

On the other hand, the extrinsic curvature on theT̄
boundary,Q̄mn , can be split by the extrinsic curvatures o
the B boundary,kmn and,mn , to

Q̄mn5gkmn1gv,mn1~ n̄•ā!ūmūn

12s (m
a ūn)~nlKal2g2¹av !, ~6!

whereām5ūa¹aūm is the acceleration ofūm. Similarly, the
splitting of the extrinsic curvature on theS boundaryKmn is
obtained as

d.
TABLE I. Notation for foliation of spacetimesM.

Contents Metric
Covariant
derivative

Unit
normal

Intrinsic
curvature

Extrinsic
curvature Momentum

SpacetimeM gmn ¹m Rmnkl

Spacelike hypersurfaceS hi j Di um Ri jkl Ki j Pi j

Timelike hypersurfaceT̄ ḡ i j
Di n̄m Q̄ i j P̄ i j

BoundaryB5SùT̄ sab kab , ,ab
7-2
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Kmn5,mn1~u•b!nmnn12s (m
a nn)Kalnl, ~7!

by use of the extrinsic curvature on theB boundary,,mn , and
the accelerationbm5na¹anm of nm.

III. DUALITY OF QUASILOCAL QUANTITIES WITH
ORTHOGONAL AND NONORTHOGONAL BOUNDARIES

A. Static observers and duality of quasilocal quantities

The dilatonic action coupled with the NS-NS fie
strength in~211! dimensions is given by

S5
1

2pEM
d3xA2gFFR1F22~¹F!21

4

l 2
2

1

12
H2G

1
1

pES
d2xAhFK2

1

pET
d2xA2gFQ, ~8!

where21/2 lnF is the dilaton field,H is the three-form field
strength of the antisymmetric two-form fieldB with H
5dB, and l 2252L is a negative cosmological constant.

The variation of the action~8!,

dS5E
M

d3xA2g@~JG!mndgmn1~Jdil!dF

1~JNS!mndBmn#1E
S
d2x@Pi j dhi j 1PdildF

1PNS
i j dBi j #1E

T
d2x@P i j dg i j 1PdildF1PNS

i j dBi j #,

~9!

gives the equations of motion

2p~JG!mn5FGmn1¹m¹nF2gmnhF2
1

2
gmnF21~¹F!2

2
2

l 2
gmnF2

1

24
gmnFH21

1

4
FHmlsHn

ls ,

2p~Jdil!5R1F22~¹F!222F21hF1
4

l 2
2

1

12
H2,

4p~JNS!mn5¹l~FHmnl!, ~10!

whereGmn5Rmn21/2gmnR is the Einstein tensor. The con
jugate momenta on theS andT boundaries are given by

Pi j 52
Ah

2p
@F~Ki j 2hi j K !1hi j ua¹aF#,

Pdil52
Ah

p
@F21ua¹aF2K#,

PNS
i j 5

Ah

4p
FuaHa

i j ~11!
10402
and

P i j 5
A2g

2p
@F~Q i j 2g i j Q!1g i j na¹aF#,

Pdil5
A2g

p
~F21na¹aF2Q!,

PNS
i j 52

A2g

4p
FnaHa

i j , ~12!

respectively. In particular, the momenta on theT boundary
are closely related to the quasilocal quantities within t
boundary. To specify these quantities, it is useful to deco
pose the induced metricg i j into some projections normal to
and on the foliation as follows:

dg i j 52
2

N
uiujdN2

2

N
u( is j )adVa1s ( i

a s j )
b dsab , ~13!

whereN is the lapse function andVa is the shift vector on the
T boundary. As for the NS fieldBi j , this potential on the
boundaryT can be written asBi j 52u[ is j

a
]Ca1s [ i

a s j ]
b Dab ,

whereCa5sa
i Bi j u

j and Dab5sa
i sb

j Bi j on theB boundary
@3#, and the variation ofBi j produces

dBi j 5
2

N
u[ is j

a
]d~NCa!2

2

N
u[ is j

a
]DabdVb1s [ i

a s j
b

]dDab .

~14!

Putting Eqs.~13! and ~14! into theT boundary term in Eq.
~9! leads us to obtain the surface energy densityE, the sur-
face momentum densityJ a, the spatial stressS ab, the sur-
face NS charge densityQNS

a , the surface NS momentum
densityJ NS

b , and the surface NS current densityI NS
ab as

E[2
dST
dN

5
As

p
~Fk2na¹aF!, ~15!

J a[
dST
dVa

5
As

p
Fsa

i Ki j n
j , ~16!

S ab[
dST

Ndsab
5

As

2p
@F„kab2sabk1sab~n•a!…

1sabna¹aF#, ~17!

~QNS!a[2
dST

d~NCa!
5

As

2p
FniE

ia, ~18!

~JNS!a[
dST
dVa

5~QNS!bDba , ~19!

~INS!ab[2
dST

NdDab
5

As

4p
FuaHa

ab , ~20!
7-3
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whereEi j 5ulhi
mhj

nHmnl is the ‘‘electric’’ piece of the three-
form field strength.

On the other hand, the equations of motion~10! yields a
BTZ black hole solution, which is given by

~ds!BTZ
2 52N2~r !d2t1 f 22~r !d2r 1r 2@df1Nf~r !dt#2,

F5F~r !, Bft5Bft~r !, ~21!

where the lapse functionN2(r )5(r 2/ l 22M ), the shift vec-
tor (Nf)25J/2r 2, the dilaton fieldF(r )51, and the NS
two-form field potentialBft(r )5r 2/ l . Duality is a symmetry
of string theory, which maps a solution of the low-ener
effective string equations with a translational symmetry
another solution@11#. Therefore, this symmetry yields a du
solution of Eq.~21!:

~ds!d
252N2~r !d2t1 f 22~r !d2r 1

1

r 2
@df1Bft~r !dt#2,

Fd5r 2F, Bft
d 5Nf~r !, ~22!

by applying the dual transformation

gxx
d 5gxx

21 , gxa
d 5Bxa /gxx ,

gab
d 5gab2~gxagxb2BxaBxb!/gxx ,

Bxa
d 5gxa /gxx , Bab

d 5Bab22gx[aBb]x /gxx ,

Fd5gxxF, ~23!

wherex is a direction of translational symmetry (f in our
case! and the superscriptd denotes a dual variable. From
Eqs.~21! and ~22!, the dual properties of the quasilocal e
ergy density, momentum density, and NS charge density
obtained by the straightforward calculation of Eqs.~15!,
~16!, and~18!,

E5E d52
f

p
] r~rF!,

Jf52~QNS
d !f52

r 3f

2pN
F] rN

f,

~QNS!f52J f
d 5

f F

2pNr
] rBft . ~24!

Furthermore, the dual invariance between quasilocal st
density and dilaton pressure density is satisfied by a com
nation of both quantities as

S abdsab1YdF5S d
abdsab

d 1YddFd5
f ] rN

2prN
Fdsab

1
f

p S 11
r ] rN

N D dF, ~25!

where the dilaton pressure density is defined asY
[N21Pdil .
10402
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B. Moving observers and quasilocal quantities

An extension to the most general case of the quasilo
formalism can easily be established by assuming that
gravitational system has nonorthogonal boundaries as sh
in Fig. 1. It amounts to replacing the spatial boundary te
T in the starting action~8! by

2
1

pET̄
d2xA2ḡFQ̄. ~26!

The variation of this action is written like the simila
expression of Eq.~9!, just by replacing the ‘‘barred’’
expression in theT̄ boundary term, and the boost ter
21/2p*BdxAsF2du is added, where the boost parame
tanhu5v. The conjugate momenta on theT̄ boundary are
also given as the ‘‘barred’’ variables

P̄ i j 5
A2ḡ

2p
@F~Q̄ i j 2ḡ i j Q̄!1ḡ i j n̄a¹aF#,

P̄dil5
A2ḡ

p
~F21n̄a¹aF2Q̄!,

P̄NS
i j 52

A2ḡ

4p
Fn̄aHa

i j . ~27!

The ADM splitting of the induced metric on theT̄ boundary
is given by the ‘‘barred’’ expression of Eq.~13! while the
induced metrichi j on theS boundary is split as

dhi j 5
2

M
ninjdM1

2

M
sa( inj )dWa1s ( i

a s j )
b dsab , ~28!

whereM is the lapse function andWa is the shift vector on
the S boundary. Putting these splittings of metrics into t
boundary actions of Eq.~9! yields

E
T̄
d2xP̄ i j dḡ i j 52

1

pET̄
d2xAsS @F~gk1gv, !

2n̄a¹aF#dN̄2F~sa
i Ki j n

j2]au!dV̄a

2
N̄

2
@F~g~kab2ksab!1gv~,ab2,sab!

1~ n̄•ā!sab!1n̄a¹aFsab#dsabD ~29!

and

E
S
d2xPi j dhi j 5

1

pES
d2xAsS ~F,2ua¹aF!dM

2sa
i FKi j n

jdWa2
M

2
@F„,ab2,sab

2~u•b!sab
…1ua¹aFsab#dsabD . ~30!

Here we define the quasilocal energy density, the tangen
7-4
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momentum density, and the spatial stress seen by mo
observers in the ‘‘barred’’ frame as

Ē52
dST̄
dN̄

5
As

p
@F~gk1gv, !2n̄a¹aF#,

J̄a5
dST̄
dV̄a

5
As

p
F~sa

i Ki j n
j2]au!,

S ab5
dST̄

N̄dsab

5
As

2p
@F$g~kab2ksab!1gv~,ab2,sab!

1~ n̄•ā!sab%1sabn̄a¹aF#, ~31!

and the quasilocal normal momentum density, the tangen
momentum density, and the temporal stress seen by s
observers in the ‘‘unbarred’’ frame as

J£52
dSS

dM
52

As

p
@F,2ua¹aF#,

Ja52
dSS

dWa
5

As

p
Fsa

i Ki j n
j ,

Dab5
dSS

Mdsab
52

As

2p
@F$,ab2,sab2~u•b!sab%

1sabua¹aF#. ~32!

In addition, the dilaton pressure scalar densities on theT̄ and
S boundaries are calculated as

Ȳ5N̄21P̄dil5
As

p
@F21n̄a¹aF2gk2gv,1~ n̄•ā!#,

Z5M 21Pdil52
As

p
@F21ua¹aF2,2~u•b!#.

~33!

As for the NS charge part, we have the variation of t
action for a NS three-form field strengthHmnr ,

dSNS5E
M

d3xA2g~JNS!mndBmn1E
S
d2xPNS

i j dBi j

1E
T̄
d2xP̄NS

i j dBi j , ~34!

where the equation of motion (JNS)
mn and the canonica

momentaPNS
i j andP̄NS

i j on both boundaries are given by Eq
~10!, ~11!, and ~27!, respectively. Note that the three-for
field strengthHmnr is usually decomposed into ‘‘electric
and ‘‘magnetic’’ components on a spacelike hypersurfa
Ei j 5hi

mhj
nHmnrur and B52emnrlHmnrul/6, respectively,

and it can be shown thatH256B223Ei j E
i j . As shown in Eq.

~14!, the two-form field potentialBi j can be decomposed o
the S boundary into
10402
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dBi j 52
2

M
n[ is j

a
]d~MEa!2

2

M
n[ is j

a
]DabdWb

1s [ i
as j

b
]dDab , ~35!

whereBi j 522n[ is j
a

]Ea1s [ i
a s j ]

bDab andEa5sa
i Bi j n

j , and

the field decomposition on theT̄ boundary is written as a
similar form of Eq.~14!:

dBi j 5
2

N̄
ū[ is j

a
]d~N̄C̄a!2

2

N̄
ū[ is j

a
]DabdV̄b1s [ i

as j
b

]dDab ,

~36!

where C̄ab5sa
i Bi j ū

j . Hereafter, substituting Eqs.~35! and
~36! into Eq. ~34! and imposing the equations of motio
gives

dSNS5E
S
d2x@2~JNS!adWa2~QNS!ad~MEa!

1M ~I NS
u !abdDab#1E

T̄
d2x@~J̄NS!adV̄a

2~Q̄NS!ad~N̄C̄a!2N̄~ Ī NS
n !abdDab#, ~37!

where the surface NS charge density, the surface NS mom
tum density, and the surface NS current density seen by s
~‘‘unbarred’’! and moving~‘‘barred’’ ! observers are

~QNS!a5
As

2p
FniE

ia, ~JNS!a5~QNS!bDba ,

~I NS
u !ab5

As

4p
FuaHa

ab , ~38!

and

~Q̄NS!a5
As

2p
Fn̄i Ē

ia, ~J̄NS!a5~Q̄NS!bDba ,

~ Ī NS
n !ab5

As

4p
Fn̄aHa

ab , ~39!

respectively. Note that the surface NS charge density and
surface NS momentum density in the boosted and unboo
frames are obtained from each boundary term, but the
face NS current densities are divided by two terms projec
with respect to the unit normal vectorsum and n̄m in Eqs.
~38! and~39!. The notation for the quasilocal quantities us
in this paper in the boosted and unboosted frames is sum
rized in Table II.
7-5
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TABLE II. Notations for quasilocal quantities in boosted and unboosted frames.

Field content
N
N

M
M V̄a Wa sab MEa N̄C̄a

Dab F

Quantities
In ‘‘barred’’ frame

Ē J̄£ J̄a ,(J̄NS)a S̄ab,D̄ab (Q̄ NS)
a (Ī NS

n )ab,(Ī NS
u )ab Ȳ

Quantities
In ‘‘unbarred’’ frame

E J£ Ja ,(JNS)a S ab,Dab (QNS)
a (I NS

n )ab,(I NS
u )ab Z
a
o
n

iti

-
ntial
pa-
un-

r
ties,
C. Boost relations and duality of quasilocal variables

The quasilocal quantities seen by moving observers
connected to those seen by static observers through the b
relations. We have the quasilocal quantities in the ‘‘u
barred’’ frame as follows:

E5
As

p
@Fk2na¹aF#,

J£52
As

p
@F,2ua¹aF#,

Ja5
As

p
Fsa

i Ki j n
j ,

S ab5
As

2p
@F„kab2sabk1~n•a!sab

…1sabna¹aF#,

Dab52
As

2p
@F„,ab2,sab2~u•b!sab

…1sabua¹aF#,

~40!

and these are simply converted into the quasilocal quant
seen in the ‘‘barred’’ frame as

p

As
Ē5F k̄2n̄a¹aF5F~gk1gv, !2n̄a¹aF,

p

As
J̄£52F ,̄1ūa¹aF

52g~F,2ua¹aF!2gv~Fk2na¹aF!,

p

As
J̄a5Fsa

i K̄ i j n̄
j5F~sa

i Ki j n
j2]au!, ~41!

using the relations of the unit normal vectors in Eq.~5!. The
spatial and temporal stress tensors are given by
10402
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2p

As
S ab5F„k̄ab2sabk̄1~ n̄•ā!sab

…1sabn̄a¹a

5g@F$kab2sabk1~n•a!sab%1sabna¹aF#

1gv@F$,ab2,sab2~u•b!sab%1sabua¹aF#

1F~ ū•¹u!sab,

2p

As
D̄ab52F„,̄ab2 ,̄sab2~ ū•b̄!sab

…2sabūa¹aF

5g@2F$,ab2,sab2~u•b!sab%2sabua¹aF#

1gv@2F$kab2ksab1~n•a!sab%2sabna¹aF#

1F~ n̄•¹u!sab ~42!

by using Eq.~5!, (n̄•ā)5g(n•a)2gv(u•b)1ū•¹u, and
(ū•b̄)5g(u•b)2gv(n•a)2n̄•¹u. Therefore, the boost re
lations between the surface energy density, the tange
momentum density, the normal momentum density, the s
tial stress, and the temporal stress in the boosted and
boosted frames are obtained as

Ē5gE2gvJ£ ,

J̄£5gJ£2gvE,

J̄a5Ja2
1

p
F]au,

S̄ab5gS ab2gvDab1
As

2p
F~ ū•¹u!sab,

D̄ab5gDab2gvS ab1
As

2p
F~ n̄•¹u!sab, ~43!

by using Eqs.~40!, ~41!, and~42!, and the boost relations fo
the quasilocal NS charge densities, NS momentum densi
and NS current densities are simply given by
7-6
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~Q̄NS!a5g2~QNS!a12g2v2nm~I NS
u !ma,

~J̄NS!b5g2~JNS!b12g2v2nm~I NS
u !maDab ,

~ Ī NS
n !ab5g~I NS

n !ab1gv~I NS
u !ab, ~44!

by means of Eqs.~38! and ~39!. Note that the boost invari
ance of the tangential momentum density in Eq.~43! and NS
charge density in Eq.~44! is straightforwardly calculated fo
the metric ~21! as (Q̄NS)

f5(QNS)
f and J̄f5Jf , respec-

tively, which are expected results since the only motion
our case is perpendicular to the angular direction.

Let us now show the duality relations between the surf
energy densitiesĒ and Ēd, the tangential momentum dens
ties J̄£ and J̄ £

d , the normal momentum densitiesJ̄f and

J̄ f
d , and the NS charge densities (Q̄NS)

f and (Q̄NS
d )f. Using

the boost relations in Eqs.~43! and ~44!, the dual relations
are given by

Ē5 Ē d,

J̄£5J̄ £
d ,

J̄f52~Q̄NS
d !f,

~Q̄NS!f52J̄ f
d , ~45!

note that these relations are exactly the same forms as t
in the orthogonal boundary case. Notice that Eq.~45! shows
that the dual properties between the quasilocal variables
still valid regardless of observers who measure the quasil
variables in their own frames.

Next let us focus on the dual invariance of the spatial a
temporal stress densities and dilaton pressure densities
sically, the quantity (n•a) has a dual invariance for the me
rics ~21! and~22!, and it yields (n̄•ā)5g(n•a)5(n̄•ā)d . In
the ‘‘barred’’ frame, the combination of spatial stress a
dilaton pressure density satisfies the dual invariance, wh
is given by

S abdsab1ȲdF5g~S abdsab1YdF!

1
gv
2p

] ruS f

r
Fdsab12r f dF D

5g~S d
abdsab

d 1YddFd!

1
gv
2p

] ruS r 3f Fdsab
d 1

2 f

r
dFdD

5S d
abdsab

d 1ȲddFd, ~46!
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and the additional dual relation for the temporal stress d
sity Dab and the dilaton scalar densityZ is obtained by a
simple calculation,

Dabdsab1ZdF5Dd
abdsab

d 1Z ddFd50. ~47!

As a result, all the quasilocal quantities are reformula
by the double foliation of the quasilocal analysis with no
orthogonal boundaries, and the relevant boost relations
presented. Furthermore, the dual properties for the quasil
variables are still valid even in the moving observer’s fram

IV. DISCUSSIONS

We have studied the duality of quasilocal energy a
charges for the~211!-dimensional dilatonic gravitationa
system with nonorthogonal boundaries by use of the dou
foliation of the spacetime manifoldM. The quasilocal vari-
ables including the surface energy density, momentum d
sities, spatial and temporal stresses, and the quantities re
to the NS three-form field strength were presented and
dual relations between these quantities were proposed. In
approach, the boosting is confined to the radial direction
the angular momentum densities and NS charge density
independent of the boost factorg while the energy density is
mixed with the tangential momentum densityJ£ . In other
words, these quantities are naturally expected to have gen
covariance under Lorentz-type transformations.

On the other hand, for a noncompact spacetime, quas
cal quantities are not well defined in the limit that a fini
boundaryR goes to infinity. This unexpected inconsisten
can be removed by introducing reference background sp
times with an actionS0, and the physical action can be d
fined asSphys5S2S0. However, this reference backgroun
spacetime action does not guarantee preservation of the
variance of quasilocal quantities, since these variables in
reference background spacetimes will transform with a d
ferent velocity compared with the velocity of the quasiloc
surface in the given spacetime. Nevertheless, the refere
background spacetime action does not alter the dual pro
ties of quasilocal quantities. In fact, the action~8! is reduced
to the effective actionSeff5(1/2p)*Md3xA2g(R12/l 2) by
imposing the solution of the dilaton field and the NS thre
form field strength@13#. It evidently describes AdS3 space-
times, and the gravitational counterterm for AdS3 spacetimes
can be considered as a reference background spacetim
tion. For an AdS spacetime, the counterterm action can
constructed by an algorithmic procedure and it is uniqu
determined@14#. The counterterm action of Eq.~8! is written

asSct52(1/p l )* T̄ d2xA2ḡF, whereF(r )51 for the BTZ
black hole, which is compatible with the action shown
Refs. @14,15#, and it is invariant under the dual transform
tion ~23!. More precisely, the reference background act
gives the reference energy density, the reference sp
stress, and the reference dilaton pressure density asĒ0

5AsF/p l , S̄0
ab52AssabF/2p l , and Ȳ052As/p l , re-

spectively. A short glance atE0 shows that it is invariant
under boosting and dual transformation, i.e.,Ē05E0 and Ē0
7-7
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5 Ē0
d . In addition, the combination ofS̄0

abdsab1Ȳ0dF is
also invariant under the dual transformation~23!. Therefore,
the physical quasilocal quantities obtained by subtracting
values of the reference background spacetimes inevit
satisfy the usual properties of dual transformations for a
observers, whether they are moving or not.
. D
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