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Duality of quasilocal gravitational energy and charges with nonorthogonal boundaries
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We study the duality of quasilocal energy and charges with nonorthogonal boundaries (2-+the
dimensional low-energy string theory. Quasilocal quantities shown in previous work and also some new
variables arising from considering the nonorthogonal boundaries are presented, and the boost relations between
these quantities are discussed. Moreover, we show that the dual properties of quasilocal variables, such as
quasilocal energy density, momentum densities, surface stress densities, dilaton pressure densities, and Neveu-
Schwarz charge density, are still valid in the moving observer’s frame.
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[. INTRODUCTION studied in Ref.[5], and the relevant issues for the two-
dimensional black holg6] and the quasilocal thermodynam-
The study of a gravitational system with finite boundariesics of Kerr-AdS and Kerr—de Sitter spacetinj@$ have also
has some advantages over that with asymptotic falloff behavween intensively investigated.
ior like asymptotic flatness. First, generically, treating a However, the Brown-York quasilocal formulation is based
gravitational system with a bounded and finite spatial regioron the assumption that the spacetime foliation is orthogonal
should be independent of the asymptotic behavior of thdo the timelike boundary that describes the quasilocal quan-
gravitational field. Therefore, this kind of study is very use-tities seen by static observers in a weak gravitational field,
ful for developing a theoretical formulation which is irrel- and this seems to be a somewhat strong restriction. When
evant of the specific asymptotic properties of the system suc@ne takes into account finite spatial boundaries in a strong
as asymptotic flatness. Second, if one constructs a gravitgravitational field, the gravitational force acts on each spatial
tional partition function without any inconsistencies by as-boundary to a different extent. Therefore, in general, the unit
suming finite boundaries, then the construction of the gravinormal defined on the hypersurface at a certain time is not
tational partition function is possible only when a systemorthogonal to the unit normal defined on the finite spatial
with finite size is stable. For example, the heat capacity foboundary, and it is too difficult to calculate the quasilocal
the Schwarzschild black hole is negative if the temperature aquantities seen by observers who are falling into a black hole
the asymptotic region is fixed, and the partition function forthrough a quasilocal formulation with orthogonal boundaries.
the black hole is not consistent. However, if we consider alo generalize the formulation and overcome this difficulty,
fixed temperature at a finite spatial boundary, the heat capaBooth and Mann reformulated the quasilocal analysis in the
ity is positive and the partition function is well defined. presence of nonorthogonal boundari8§ and related work
Third, from the physical viewpoint, one can define the ther-appears in Refl9].
modynamics that is appropriate to observers placed at a finite On the other hand, in the context of string theory, duality
region from a black hole. In these respects, it is meaningfuls considered as a symmetry that relates a certain solution to
to define thermodynamic quantities appropriately at a finiteanother one. Iri2+1)-dimensional low-energy string theory,
boundary. this duality is more meaningful in that the dual solution of
Some years ago, Brown and York studied quasilocal quanthe Barados-Teitelboim-ZanelliBTZ) [10] black hole is
tities such as the quasilocal energy, angular momentum, arkhown as the(2+1)-dimensional charged black strifd1].
spatial stress through the Hamilton-Jacobi analysis of dhe duality of the quasilocal quantities between these dual
gravitational systeniil]. These quantities are closely related solutions and the quasilocal thermodynamics of a dilatonic
to the first law of black hole thermodynamics through thegravitational system with orthogonal boundaries was studied
path integral formulation of gravitational systef®. This  in Ref.[12]. The quasilocal energy density and its dual are
formalism was extended to include the most general case dfivariant under the dual transformation while the quasilocal
gauge fields coupled to the dilaton gravity in the context ofangular momentum density and its dual are interchanged
string theorieg3], and the temperature, energy, and heat cawith the quasilocal Neveu-Schwa(idS) charge and its dual.
pacity of AdS black holes were studied by use of this formu-In addition, the dual invariance between the surface spatial
lation in Ref.[4]. The Hamiltonian and entropy in asymptoti- Stress density and the dilaton pressure density appears in the
cally flat spacetimes and anti—de Siti@&dS) space were combination of both quantities as=¢&", jd,:—(Qd)"’,
(Q)¢=—UT%, 8360+ Y 60 =85"505,+Y 46, where
£ J, 9, 8% Y, o,,, and® are the quasilocal surface
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Fig. 1. Then we can take=const ands= const surfaces on
the boundaries, and 7, and the unit normal vectors are
defined as1,= —NV,t onS andn,=MV,s on7, whereN
andM are normalization functions determined by satisfying
u-u=—1 andn-n=1. On the boundaries & and7, the
induced metricsh,,, ;W and the corresponding extrinsic

curvatureX ,,, 0, can be defined as
h,,=g,,+u,u, (on ), (D)
;ﬂﬁgw—ﬁﬁﬁ, (on ?), (2)
and
FIG. 1. Spacetime foliation: The spacetime manifgid that is
topologically X 7 can be foliated by spatial and temporal bound- Kuw=—h;Veu, (on ), 3
aries denoted by” andX., respectively. On each boundary, the unit . L .
normal vector, induced metric, and extrinsic curvature are defined. 0,,=—7,%n, (onT). 4

In this paper, we study the dual properties of quasilocalye can define new unit vectors, andUn asn,=MD,s

guantities for(2+1)-dimensional dilatonic gravity with non- _ 1, ,— — TN i 1w
h,n, and u,=—ND,t=y "y,u,, whereD, and

orthogonal boundaries. In Sec. Il, the notation and the setug ) o . —=
for the double foliation of quasilocal formalism with nonor- P @reé covariant derivatives projected onto tBeand 7

thogonal boundaries are presented. The unit vectors normatirfaces, and the boost factoy=(1-v?)~"*=M/M

to both spatial and temporal boundaries are defined, anetN/N, wherev is a proper radial velocity. From these rela-
splittings of the extrinsic curvatures on the spacelike hypertions, the relations between unit normal vectors seen in the
surface and spatial boundary are obtained by the definition$arred” and “unbarred” frames are obtained as

of the induced metrics and the extrinsic curvatures. The

quasilocal variables with nonorthogonal boundaries and their L=, tyon,,
boost relations, and dual properties between these variables,
are given in Sec. lll. In Sec. IV, some concluding remarks L= YN+ you,. (5)

and discussion of our results follow.
On the boundang, the induced metric is given in two ways
Il. PRELIMINARY: NOTATIONS AND SETUP aso,,=g,,+u,u,—n,n,=g,,+u,u,—n,n, and the ex-

. A . __a B
In this section, we present a double foliation for Arnowitt- INSIC curvatures are also definedigs = — 0,07, Vo g and

Deser-MisnefADM ) splitting of the metric and some corre- *ur™ — U;f‘f'ygva“ﬁ- Note that the notation used in this paper

sponding kinematics. Then we discuss the notation and exX0r the foliation of spacetimes is summarized in Table .

trinsic curvature splittings for the quasilocal formalism with ~ On the other hand, the extrinsic curvature on tfie

nonorthogonal boundaries. boundary,®,,,, can be split by the extrinsic curvatures on
Generically, when we take into account a finite spatialthe B boundaryk,, and€,,,, to

boundary on a manifold\ in a strong gravitational field

such as an adjacent region of the black hole horizon, each 0 ,,= YK, T Yl ,,+(n-a)u,u,

boundary is exposed to a different gravitational force. This _

fact enhances the motivation for the generalized quasilocal +20(,U,) (MK = ¥*V,0), (6)
formalism, which might be possible by considering nonor- - o

thogonal boundaries. wherea,=u®V,u* is the acceleration afi”. Similarly, the

Let us consider a double foliation of the spacetime manisplitting of the extrinsic curvature on ti boundaryK ,, is
fold M with spatial and temporal boundaries as shown inobtained as

TABLE |. Notation for foliation of spacetimesd.

Covariant Unit Intrinsic Extrinsic
Contents Metric  derivative  normal  curvature  curvature Momentum
SpacetimeM 9uv V. Ruvin
Spacelike hypersurface hi; D; u, Riji Kij p!
Timelike hypersurfacd” Vi D, n, 0 11, j
BoundaryB=3NT Tab Kab, Cab
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K,,=4€,,+(u-b)n,n,+20¢n,K,n* (7)

by use of the extrinsic curvature on tBéoundaryf ,,, and

the acceleratiol”=n*V,n* of n*.

pyr &

IIl. DUALITY OF QUASILOCAL QUANTITIES WITH
ORTHOGONAL AND NONORTHOGONAL BOUNDARIES

A. Static observers and duality of quasilocal quantities

The dilatonic action coupled with the NS-NS field
strength in(2+1) dimensions is given by

1
— 3y [—
waMd x\—g®

1
ST y2
|2 12H

R+(I>‘2(V<I>)2+

+if dzx\/ﬁtbK—if d2x\/— 90, (8)

T )T

where—1/2 In® is the dilaton fieldH is the three-form field

strength of the antisymmetric two-form fielB with H

=dB, andl 2= —A is a negative cosmological constant.
The variation of the actio8),

6S= fMdSX\/—Q[(EG)MﬁQ”VﬁL(Edi|)5‘1’
+(ENS)‘”’5BM,,]+f d2x[ P shyj + P 6

+ PII\]jséBlj]+ deZX[Hij 5’)/” +Hdi|5q) + HI,\]lséB”],

9

gives the equations of motion

1
2m(E6) = PGy, + V.V, 0 —g,,00 = 50,0 (VP)?

2 2 1 No
_l_zg/"v(b_ﬂg’wcpH +Zq)H,u)\0'HV s

2m(Eg)=R+® 2(VD)2—20 0D+ i SH?,

Am(Eng " =V (DHAM), (10

whereG,,=R,,—1/29,,R is the Einstein tensor. The con-
jugate momenta on thE and7 boundaries are given by
P'=— —[®(K"=h"K)+h'"u*V,d],
2
h
Paii=— J?_[@—luavaq)_ K1,

h
Pis= fcbu“H” (1D
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and
M= 52001~ y10)+ 5y, ),
2
Hdi.=—:y(<b—1nava®—®),
Mig= -~ pneil (12)
NS Ar a?

respectively. In particular, the momenta on theboundary
are closely related to the quasilocal quantities within this
boundary. To specify these quantities, it is useful to decom-
pose the induced metrig;; into some projections normal to
and on the foliation as follows:

2 2
8yij =~ Uil ON— [ U)adV3+ 00y d0ap, (13)

whereN is the lapse function and?® is the shift vector on the
T boundary. As for the NS fiel®;; , this potenual on the
boundaryZ can be written a8;; =2u;;o J]C +o[| ]]Dabi

where C,=o,Bj;ul and Dabzoiacr{)Bij on the B boundary
[3], and the variation oB;; produces

2
U[, ]]Dabé"V +O'[| J‘SDab
(14)

2
U[, ”5(NCa)

5BN

Putting Egs.(13) and(14) into the 7 boundary term in Eq.
(9) leads us to obtain the surface energy densjtyhe sur-
face momentum density?, the spatial stres§2®, the sur-
face NS charge densit@fs, the surface NS momentum
density 7 s, and the surface NS current densft¢? as

0Sy_No o,
E=— m=—(¢>k— VvV, D), (15
a= 5ST: ECI)O'LKijnj, (16)
ovE m
§b= Nészb \/—[<I>(kab o’k +0?%(n-a))
+ 02PNy, &1, (17
a— ST — \/_ |a
(Qne)?=— S(NC.) E(I) nk (18
1)
(jNS)aEESZ:(QNS)bDbaa (19
ab_ 587 — \/; apgab
(Ing)?P=— NE E(DU Ha s (20
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whereF;; =u*h/hH ,,, is the “electric” piece of the three- B. Moving observers and quasilocal quantities
form field strength. _ _ _ An extension to the most general case of the quasilocal
On the other hand, the equations of motid®) yields a  formalism can easily be established by assuming that the
BTZ black hole solution, which is given by gravitational system has nonorthogonal boundaries as shown
5 5 s ) ) é ) in Fig. 1. It amounts to replacing the spatial boundary term
(ds)grz= —NA(r)dt+f"(r)d“r +rd¢+N?(r)dt]*, T'in the starting actior(8) by
O=>d(r), B u=Byul(r), 21 1 =
(1, Byu=Byu(r) 21 - ;f_dw—_ycp@. (26
T

where the lapse functioN?(r)=(r?/I1?—M), the shift vec-

tor (N%)2=J/2r2, the dilaton field®(r)=1, and the NS The variation of this action is written like the similar
two-form field potentiaB¢t(r)=r2/I. Duality is a symmetry  expression of Eq.(9), just by replacing the “barred”
of string theory, which maps a solution of the low-energyexpression in theZ boundary term, and the boost term
effective string equations with a translational symmetry to_— 1/27 [ gdx\Jo®2486 is added, where the boost parameter
another solutioi11]. Therefore, this symmetry yields a dual (,ho—0 . The conjugate momenta on the boundary are

solution of Eq.(21): also given as the “barred” variables

1 J=
(ds)3= —N2(r)d2t+f~2(r)d?r + Sldo By(r)dt]?, i :2_777@@1' —Ji®)+ 5y, o],

®d=r2p, BY=N?r), (22) Y i _ _
" Myy=—— (&~ %V, 0 -0),

by applying the dual transformation
-7

d _ -1 d _ R I
gxx_gxx ’ gXC!_ BXa/gXX! II\JIS:_?@naHIC{' (27)

ggﬁ:ga,@_(gngxﬁ_ BXaBX,B)/gxxv o . . —
The ADM splitting of the induced metric on tHE boundary

Bga:gXa/gxw B?w: Bas—29xaBaix! 9xx» is given by the “barred” expression of Eq13) while the
induced metrich;; on theX boundary is split as
®l=g, D, (23

2 2
5h” =Mninj5M + Moa(inj)ﬁwa-f— UZO'?)(SO'ab, (28)

wherex is a direction of translational symmetryb(in our
cas¢ and the superscripl denotes a dual variable. From . . o .
Egs.(21) and (22), the dual properties of the quasilocal en- WhereM is the lapse function an@* is the shift vector on
ergy density, momentum density, and NS charge density atbe = boundqry. Putting thgse splittings of metrics into the
obtained by the straightforward calculation of Eqd5),  Poundary actions of Eq9) yields
(16), and(18), 1
f deXHIjéyij:_;JdZX\/;( [D(yk+yvi)
5=gd=_;ar(r(1>), ’ o ’ - ] _
—n*V,®]6N— P (o,Kijn'—9,6) V2
3

B d vo ref
J¢——(QN3)¢——m¢ﬁrN‘b,

N
= S[P(AKP—ka™) + yo (€20~ ™)

fo
b—_ gd___— - —
(One)"== T 6= gy % Bt 29 +(n‘a)O'ab)+naVaq)0'ab]50'ab) (29)
Furthermore, the dual invariance between quasilocal stresg,q
density and dilaton pressure density is satisfied by a combi-

nation of both quantities as S 1 5
fd xP"5hij=;f d2x\o| (P€—uV, )M
s 3

b ab d d fé’rN
Sa 5Uab+Y5¢)=Sd 50’ab+Yd5q) =27TrN¢)50'ab M
—(riaCI)Kijnjﬁ’\Na—E[CI)(fab—(ioab
f rd,N
+—[1+— )5@, (25)
T N

—(u-b)a?®)+uV,® "] 60,,|. (30)
where the dilaton pressure density is defined Ws
=N"Ig. Here we define the quasilocal energy density, the tangential
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momentum density, and the spatial stress seen by moving 2 2 .
observers in the “barred” frame as oBij = — 37 M of18(ME,) — v Moy Y DapdW
b
=T E[<1>(y|<+ y0l)—ney,d], + 0770710, (35
oN ™
whereB;; = —2n(;o}E,+ o] a']] abandE,=o,B;;n’, and
T.= 53?: £¢(U K. ni—3.6), the field decomposition on th& boundary is written as a
VL 1 similar form of Eq.(14):
St J—
ab_—__~ "7 ab__ ab 4 ab__ ab 2 2_ —
+ (RE) 520 ¢ ANy 1, 31) (36)

and the quasilocal normal momentum density, the tangentig{here C. Cap= oaB ul. Hereafter, substituting Eq$35) and

momentum density, and the temporal stress seen by Statt§6) into Eq. (34) and imposing the equations of motion
observers in the “unbarred” frame as

gives
1)
J=- 582 =- £[<1>1‘5— v, ],
OS\s= LdZX[—(JNs)a(SWa—(QNs)a(S(M Ea)
1)
Ja=— > :ﬁq)o'aK in, u yab 2ur( 7 \ /¢
owa T +M(ZNg)*"D ] + ?d X[ (Insg)adV?
pove OS5 T a4 g ~(Qn9*8(NCy) ~N(Z}9 "D, (37)
Moo 2m
+ 02y ] (32) where the surface NS charge density, the surface NS momen-

tum density, and the surface NS current density seen by static

In addition, the dilaton pressure scalar densities orftrend (*unbarred”) and moving(*barred”) observers are

>, boundaries are calculated as

Vo .
- —— (Qng)?=5—PNE?, (Jng)a=(Qns) Dpa;
Y:N’lﬂdnzﬂ[fb TNV, & — yk—yo (+(n-a)], NS PIET (Tngda= (Qns) Do
o G
Z=M‘1Pdi|=—\/—1:[<I>‘1U“Va¢>—€—(u~b)]. (I‘,i,s)ab=ﬂcbu“H§b, (39
(33
As for the NS charge part, we have the variation of the2nd
action for a NS three-form field strength,,,, ,
—a ] (9 o e (Jng)a=(Qne)°D

5SNS:J d3X _g(ENS)MvéBMV—i_J dZXP:\JlsﬁBij NS 21 e NS/a NS ba:

M s

20171 _ _
fd XH S‘SBIJ’ (34) (IRS)abzg(bnaHib' (39)

where the equation of motion=s)*" and the canonical

momentaPls andII}s on both boundaries are given by Egs. respectively. Note that the surface NS charge density and the
(10), (11), and (27), respectively. Note that the three-form surface NS momentum density in the boosted and unboosted
field strengthH ,,,, is usually decomposed into “electric” frames are obtained from each boundary term, but the sur-
and “magnetic’ components on a spacelike hypersurfaceface NS current densities are divided by two terms projected
Eij=hthy {H..,u” and B——e“VP*H »pUp/6, respectively, with respect to the unit normal vectows* and n* in Egs.

and it can be shown th&t?=6B2— 3]}32”1}32” As shownin Eq. (38) and(39). The notation for the quasilocal quantities used
(14), the two-form field potentiaB;; can be decomposed on in this paper in the boosted and unboosted frames is summa-
the 3 boundary into rized in Table II.
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TABLE Il. Notations for quasilocal quantities in boosted and unboosted frames.

Field content NoM V2 we o MEa  NC, Dap P
Quantities £ 7 7.(79a Seb A3 (Qne? (TR9™(The™ Y
In “barred” frame

Quantities E T Tar(Tnga S*°,A%° (Qyg)? (ZR9*(TRI™ Z

In “unbarred” frame

C. Boost relations and duality of quasilocal variables 20

. " . b— b (KAP— 8Bl (1. ;) 2D b
The quasilocal quantities seen by moving observers are =S =P (k= 0Pk +(n-2)c®®) + *nY,
connected to those seen by static observers through the boos
relations. We have the quasilocal quantities in the “un- = Y[ ®{k¥— 0%k + (n-a) ?’} + 03PNV, D]

barred” frame as follows:
+ y[D{€3— €3~ (u-b)o®} + o2PuV, D]

E= \/;[tbk—n“VadJ], +d(u-Vo)o,

o

2m_ o _
%Aab: ~® (20— (0™~ (u-b) o)~ o2V, d

o

J=- g[w —uv, @],

=y[ — ®{€**~ L0~ (u-b) o} — 0V, D]

Tu= Eq)a-iaK” ni. + yu[ — ®{k¥P—ka?+ (n-a) o} — 0¥V, D]
r
+®(n-Vo)o® (42)
ab__ \/; ab ab ab ab,a —— —
ST=o_[®(KT= 0Pkt (n-a)0™)+ 0V, P], by using Eq.(5), (n-a)=y(n-a)—yv(u-b)+u-Ve, and

(u-b)=7y(u-b)—yv(n-a)—n-Vae. Therefore, the boost re-
lations between the surface energy density, the tangential
Jo momentum density, the normal momentum density, the spa-
Aab:_Z[q)(gab—@fab—(u-b)crab)ﬂL UV, d], tial stress, and the temporal stress in the boosted and un-
(40) boosted frames are obtained as

and these are simply converted into the quasilocal quantities E=yE—wr,
seen in the “barred” frame as

Jo=yJ.— yé,
%s—: KNV, d = (yk+ yv€) —n*V,®,
g

1
ja: ja_ ;q)&aey

m — -
—J.=—®L+uV,d
J— ag J—
Vo §P= 83— yp A®P+ %qxu-ve)aab,
=— Y DL —uV,®)— yo(Pk—nV,d),
T R o A= yA3D— 5y G20y ﬁ@(ﬁ- V 6) 2P, (43
\/—_ja=(l)(rlaKijnJ=q)(0'aKijnJ—(7a9), (41) 2w
g

by using Eqs(40), (41), and(42), and the boost relations for
using the relations of the unit normal vectors in Eg). The  the quasilocal NS charge densities, NS momentum densities,
spatial and temporal stress tensors are given by and NS current densities are simply given by
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5 A= 12( 0N+ 292020 (T Y )ra a_nd the additional .dual relation for the t_emporgl stress den-
(Qne)™=7"(One) 4 WIS sity A" and the dilaton scalar densit§ is obtained by a
simple calculation,

(Tns)o=7"(Tns)o 27707, (Z {e)**Dap,
Ns/b= YV (Uns)pT &Y w(Ins) ab Aab503b+25¢=A§b5Ugb+Zd5q>d:0- (47)

(fﬁs)ab: A Rls)abe yo(Z &S)ab, (44) As a result, all the quasilocal quantities are reformulated
by the double foliation of the quasilocal analysis with non-
orthogonal boundaries, and the relevant boost relations are

by means of Eqs(38) and (39). Note that the boost invari- presented. Furthermore, the dual properties for the quasilocal

ance of the tangential momentum density in Eg) and NS variables are still valid even in the moving observer’s frame.
charge density in Eq44) is straightforwardly calculated for

the metric(21) as Ong) = (On9) ¢ and To=Ts, respec- V. DISCUSSIONS
tively, which are expected results since the only motion in
our case is perpendicular to the angular direction. We have studied the duality of quasilocal energy and

Let us now show the duality relations between the surfaceharges for the(2+1)-dimensional dilatonic gravitational

energy densities and £, the tangential momentum densi- Systém with nonorthogonal boundaries by use of the double
ties 7 and «7?, the normal momentum densitieg, and follathn of the spacetime manifoldA. Thg quasilocal vari-
—d = i\ o ) a_b_les mclu_dlng the surface energy density, momentum den-
J 4, and the NS charge densitie€i(g) ” and (Qng) *- Using  gjties, spatial and temporal stresses, and the quantities related
the boost relations in Eq$43) and (44), the dual relations {4 the NS three-form field strength were presented and the
are given by dual relations between these quantities were proposed. In this
approach, the boosting is confined to the radial direction, so
= =u the angular momentum densities and NS charge density are
' independent of the boost factgrwhile the energy density is
mixed with the tangential momentum densif. In other
words, these quantities are naturally expected to have general
covariance under Lorentz-type transformations.
On the other hand, for a noncompact spacetime, quasilo-
= _ e cal quantities are not well defined in the limit that a finite
Jp==(Qu9 ", boundaryR goes to infinity. This unexpected inconsistency
can be removed by introducing reference background space-
= 4 times with an actior,, and the physical action can be de-
(Qns) == T, (45) fined asS;, = S—S,. However, this reference background
spacetime action does not guarantee preservation of the co-
note that these relations are exactly the same forms as thoggriance of quasilocal quantities, since these variables in the
in the orthogonal boundary case. Notice that @) shows  reference background spacetimes will transform with a dif-
that the dual properties between the quasilocal variables afgrent velocity compared with the velocity of the quasilocal
still valid regardless of observers who measure the quasilocalyrface in the given spacetime. Nevertheless, the reference
variables in their own frames. background spacetime action does not alter the dual proper-
Next let us focus on the dual invariance of the spatial andjes of quasilocal quantities. In fact, the acti@) is reduced
temporal stress densities and dilaton pressure densities. Bgy the effective actiorS.g= (1/27) [ 1, d3x\— g(R+2/12) by
sically, the quantity i¢-a) has a dual invariance for the met- jmposing the solution of the dilaton field and the NS three-
rics (21) and(22), and it yields 6-a)=y(n-a)=(n-a)q4. In form field strengtH 13]. It evidently describes AdSspace-
the “barred” frame, the combination of spatial stress andtimes, and the gravitational counterterm for Ad®acetimes
dilaton pressure density satisfies the dual invariance, whicban be considered as a reference background spacetime ac-

is given by tion. For an AdS spacetime, the counterterm action can be
constructed by an algorithmic procedure and it is uniquely
S5+ Y 5D = Y(SP S0+ Y D) determined14]. The counterterm action of E¢B) is written
. asSy= — (1/ml) f7d?x\— y®, whered(r)=1 for the BTZ
Yo black hole, which is compatible with the action shown in
+2—0,0| =P Sayp+2rf 5D ! o .
27 " (r Tab ) Refs.[14,15, and it is invariant under the dual transforma-
tion (23). More precisely, the reference background action
_ abg d d
=Y(Sq d0apt Y 6P gives the reference energy density, the reference_spatial
v 2f stress, and the reference dilaton pressure density¥,as
+ 22 5.0| 13D 509+ = 5D b -
27 Tab™ =\Jo®/xl, §°=— Joo?* @27, and Y =— Jo/7l, re-
b g — spectively. A short glance af, shows that it is invariant
=830 g,+ Y qoP", (46)  under boosting and dual transformation, i&= &, and &,
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=?5. In addition, the combination Q§8b5aab+?05<b is ACKNOWLEDGMENTS
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